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ABSTRACT

We have studied the electrical conductivity of two-dimensional nanowire networks. An analytical evaluation of the contribution of tunneling
to their electrical conductivity suggests that it is proportional to the square of the wire concentration. Using computer simulation, three
kinds of resistance were taken into account, viz., (i) the resistance of the wires, (ii) the wire–wire junction resistance, and (iii) the tunnel
resistance between wires. We found that the percolation threshold decreased due to tunneling. However, tunneling had a negligible effect on
the electrical conductance of dense nanowire networks.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5135605

I. INTRODUCTION

Nanowire networks (NWNs) have excellent optical, electrical,
and mechanical performances, which make them very attractive for
use as transparent electrodes in modern photovoltaics, light-
emitting devices, touch screens, and thin-film transparent heaters.1

These applications require high transmittance of transparent elec-
trodes, while their sheet resistance should be within different
ranges.1,2 The required sheet resistance varies from 500Ω=A in the
case of touch screens to 1Ω=A in the case of solar cells.2 To ensure
quality wire-to-wire contacts, different methods of treatment are
used, viz., annealing,3,4 plasmonic welding,5 laser nanowelding,6

mechanical pressing,7 electroless-welding,8 capillary force,9 the
welding of crossed silver nanowires (AgNWs) by chemically
growing silver “solder” at the junctions of the nanowires,10

capillary-force-induced cold welding,11 room-temperature plasma
treatment,12 electroplating welding,13 and electrical activation
under ambient conditions using current-induced local heating of
the junction.14 Depending on the initial resistance, by using these
technologies, the sheet resistivity can be reduced by several orders
of magnitude to tens of ohms.

Depending on the manufacturing technology, the diameter
and length of AgNWs may be different. Reference 3 reported on
AgNWs that were l ¼ 8:7+ 3:7 μm long with a diameter of
d ¼ 103+ 17 nm; i.e., the aspect ratio, ε, was approximately 84. In
Ref. 15, the AgNWs had an average diameter of d ¼ 79+ 10 nm
and an average length of l ¼ 7+ 3 μm, i.e., ε � 88. In Ref. 14,
l ¼ 7+ 2 μm, d ¼ 42+ 12 nm, i.e., ε � 167. In Ref. 16, the mean
length and diameter were l ¼ 66 μm and d ¼ 160 nm, respectively,
i.e., ε � 410. Reference 17 reported on well-defined AgNWs with a
narrow diameter distribution, uniform, through the range of
16–22 nm, with a long dimension of up to 20 μm, i.e., ε � 1000.
AgNWs of the same aspect ratio ε � 1000 and lengths up to
200 μm have also been reported in Ref. 18. Thus, the aspect ratios
of the AgNWs have been considered ranging from 100 to 1000 in
the order of magnitude.

To mimic the shape of elongated particles and, at the same
time, simplify connectivity simulations, different simple geometrical
figures are used, e.g., sticks,19 rectangles,20 ellipses,21 superellipses,22

and stadia.23 A stadium is a rectangle with semicircles at a pair of
opposite sides [Fig. 1(a)]. Its aspect ratio is
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ε ¼ 1þ l
2r

: (1)

A discorectangle (stadium) is the two-dimensional analog of a
spherocylinder (a stadium of a revolution or capsule), i.e., a three-
dimensional geometric shape consisting of a cylinder with hemispher-
ical ends. To characterize NWNs, the number density, n, i.e., the
number of wires, N , per unit area, may be used.24 When ε ¼ 1000,
the percolation thresholds for ellipses and rectangles are
nc � 5:624 75621 and nc � 5:609 947,20 respectively, while this value
for zero-width sticks is nc � 5:637 285 8.19 In such a way, real-world
AgNWs (ε � 103) can, in simulations, be treated as zero-width sticks.

Four-probe measurements on almost 40 individual nanowires,
with diameters ranging from 50 to 90 nm, gave an average resistiv-
ity of 20:3+ 0:5 nΩm.14 Junction resistance measurements of
individual silver nanowire junctions have been performed, and the
distribution of junction resistance values is presented.14 The distri-
bution of the junction resistance, determined using three different
methods, showed a strong peak at 11 Ω, corresponding to the
median value of the distribution, and the presence of a small per-
centage (6%) of high-resistance junctions.14 Thus, the junction
resistance and the resistance of an individual wire are mostly of the
same order. Helpfully, Ref. 14 also presents a synopsis of previously
reported junction resistance values.

Different approaches have been applied to compute the electri-
cal conductivity of NWNs, e.g., a percolation approach,25 an
effective medium theory,26 a geometrical consideration,27 and a
kind of mean-field approximation (where transport within the
system was described by the interaction of individual decoupled
wires with a linear average potential background).28 A systematic
analysis of the electrical conductivity of networks of conducting
rods has recently been presented.29

Recently, percolating NWNs of widthless, stick nanowires
have been considered.30 The effective resistance of such NWNs has
been studied by taking into account the wire resistance, wire–wire
contact resistance, and metallic electrode–wire contact resistance.

An accurate closed-form approximation of the effective resistance
based on the above physical parameters has been proposed.30

An approximate analytical model for random NWN electrical
conductivity has been proposed.31 This approach is faster than
existing computational methods. The approach is based on the
assumption that E[σ(M)] � σ(E[M]), where E[ � ] means the
expected value, σ is the sheet conductivity of a random NWN, and
M is the adjacency matrix of this NWN.

A computational method has been developed to investigate
the electrical properties of a silver NWN.32 This method is based
on extraction of the electrically conductive backbones and account-
ing for the wire–wire junction resistance. An investigation has also
been performed of how conductivity exponents depend on the ratio
of the stick–stick junction resistance to the stick resistance for two-
dimensional stick percolation.33

Although the presence of a giant component ensures the electri-
cal conductivity of NWNs above the percolation threshold, electrical
conductivity may, in principle, also occur slightly below the percola-
tion threshold due to tunneling.34 Moreover, tunneling may contribute
to the electrical conductivity of NWNs even above the percolation
threshold. In particular, there is an opinion that the conduction mech-
anism changes from tunneling to free electron conduction at increased
AgNW concentration since the conductivity of the AgNWNs is
mainly influenced by their surface and grain boundary scattering.35

Naturally, there should be a range of concentrations where both the
mechanisms are of approximately the same importance.

The tunnel conductivity between the two wires is defined as

g(t)ij ¼ g0 exp � 2δij
ξ

� �
, (2)

where δij is the shortest distance between the ith and jth wires
[Fig. 1(b)], g0 is the conductivity of the junction between the two
wires, while the tunneling decay length, ξ, depends on the elec-
tronic potential barrier between the two wires.36,37 In fact, (2) is a
simplified notation of Simmons’ formula.38

Although the contribution of tunneling to the electrical con-
ductivity of three-dimensional NWNs has been analyzed,36,37,39,40

to the best of our knowledge, its contribution into the electrical
conductivity of two-dimensional NWNs has not yet been fully
studied. The goal of the present work was to obtain the dependen-
cies of the electrical conductivity of NWNs on their junction resis-
tances. Two kinds of junction are involved in the consideration,
viz., contact junctions and tunnel junctions. The rest of the paper
is constructed as follows. In Sec. II, the technical details of the sim-
ulations and calculations are described, and some tests are pre-
sented. Section III presents our main findings. In Sec. IV, we
summarize and discuss the main results.

II. METHODS

To simplify tunneling computations, the tunneling conduc-
tance is accounted only within the cutoff distance, r,

g(t)ij ¼ g0 exp � 2δij
ξ

� �
, if δij � r,

0, otherwise:

(
(3)

FIG. 1. (a) A core–shell model of a nanowire. (b) Example of randomly depos-
ited nanowires (D ¼ 0). (c) Equivalent resistor network corresponding to the
cluster of the three stadia shown in (b).

Journal of
Applied Physics ARTICLE scitation.org/journal/jap

J. Appl. Phys. 126, 244903 (2019); doi: 10.1063/1.5135605 126, 244903-2

Published under license by AIP Publishing.

https://aip.scitation.org/journal/jap


The region within the cutoff distance is a stadium. In such a way, a
wire consists of a core having the conductivity gs and a stadium
shaped shell that can result in tunnel conductivity when two shells
overlap [Fig. 1(a)].

Wires with l ¼ 1 and D ¼ 0 were added one by one randomly,
uniformly, and isotropically onto a substrate of size L� L having
periodic boundary conditions (PBCs), i.e., onto a torus, until a
cluster spanning around the torus in two directions had arisen.
Any two wires are supposed to be connected into one cluster when
their shells (stadia) overlap each other [Fig. 1(b)]. L ¼ 32 was used
in all our computations. Since, in our case, the area is L2, the
desired number density is

n ¼ N
L2

: (4)

We denote as nc the number density corresponding to the occur-
rence of a spanning cluster. We used the union–find algorithm41,42

to check for any occurrences of spanning clusters. In our study, we
used a version of the union–find algorithm adapted for continuous
percolation.19,24 After the critical number density, nc, had been
determined, wires continued to be added until the desired concen-
tration was reached.

The electrical conductivity of the spanning cluster was cal-
culated as follows. For calculation of the electrical conductance,
the PBCs were removed; i.e., the torus was unrolled into a
plane, and two conducting buses were applied to the opposite
borders of the system. The electrical conductance was calculated
between these buses. Within the spanning cluster, all intersec-
tions of the cores and all overlappings of the shells were iden-
tified. The nearest distance between the cores of two stadia with
overlapping shells may be either between their ends or between
a core end of one of the stadia and an intermediate point on
the core of the second one. We treated the latter as tunnel junc-
tions. Both points of core intersections (contact junctions) and
tunnel junctions divide the cores into segments. Each segment
of a core between two junctions i and j of any of the two kinds
was considered as a conductance gij ¼ gs=lij, where lij is the
length of the segment. Each core intersection was considered as
providing an additional conductance Gj, while the conductances
of tunnel junctions were calculated according to Eq. (3). In
such a way, an electrical circuit was produced for each spanning
cluster [Fig. 1(c)]. Having this electrical circuit, Kirchhoff’s
current law can be used for each junction of rods and Ohm’s
law for each occurrence of conductivity between two junctions.
The resulting set of equations was solved numerically to find
the total conductance of the NWN. For each given number of
deposited stadia, N , 100 independent runs were performed to
obtain the electrical conductance.

In all our computations, the electrical conductivity of the core
was fixed, viz., gs ¼ 1 arb.u., while the tunnel electrical conductivity
varied g0 ¼ 0:01gs, 0:1gs, gs. We suppose that the case Gj ¼ g0 cor-
responds to untreated NWNs, while Gj ¼ gs corresponds to NWNs
welded using the various technologies previously noted. Since the
typical length of an AgNW is of the order 10�5 m while the tunnel-
ing decay length is of the order 10�9–10�8 m,36,37 we put
ξ=l ¼ 10�3. Additionally, we studied the effect of the tunneling

decay length on the electrical conductance for the ratios
ξ=l ¼ 6� 10�3 and ξ=l ¼ 10�2. The cutoff distance and the tun-
neling decay length were connected as r ¼ 1:25ξ. The rationale for
this choice is given in Sec. III A.

The error bars are of the order of the marker size when not
shown explicitly. Due to isotropy, the electrical conductances in the
two perpendicular directions are the same within the statistical
error; thus, only the conductivity in one direction is presented in
all the figures.

Verification of the computer program was performed by using
a comparison with known results for NWNs without tunneling.
The electrical conductance, G, of a dense random stick networks
can be calculated as

G ¼ a
(n� nc)

t þ c(L=l)�t=ν

bnt�1=Gs þ (nþ nc)
t�2=Gj

, (5)

where a, b, and c are the fitting parameters, t is the universal con-
ductivity exponent, n is the number density of fillers, nc is the per-
colation threshold, and Gs and Gj are the electrical conductivities
of the sticks and junctions, respectively.25 When (5) is written in
terms of resistance instead of conductance, viz.,

R ¼ bnt�1Rs þ (nþ nc)
t�2Rj

a (n� nc)
t þ c(L=l)�t=ν

� � , (6)

the linear dependence of the NWN resistance on both the stick
resistance, Rs, and the junction resistance, Rj, is clearly seen.

Based on the analysis of experimental data, a simpler relation-
ship with only one fitting parameter, α,

R � α Rn þ Rj
� �

, (7)

has recently been proposed.43 Here, Rn is the averaged value of the
electrical resistance between two junctions.

Based on the geometrical consideration, another linear rela-
tionship has been proposed,

R ¼ π

2
ffiffiffiffiffiffi
NE

p 4ρ
πD2

þ Rj

d

� �
¼ π

2d
ffiffiffiffiffiffi
NE

p Rn þ Rj
� �

¼ π

2d
ffiffiffiffiffiffi
NE

p dRs þ Rj
� �

, (8)

where NE ¼ n(Cnþ exp(�Cn)� 1) is the total number of wire
segments and D is the wire diameter,

d ¼ 1� exp(�Cn)
Cn

� exp(�Cn)

is the mean segment length, and C ¼ 2=π; the wire length, l, is
assumed to be a unit.44

Recently, the linear dependence of the electrical conduc-
tance of NWNs on the wire resistance, junction resistance, and
metallic electrode/nanowire contact resistance has also been pro-
posed.30 By contrast, a nonlinear dependency of the electrical
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conductivity of NWNs on both the wire resistance and the
contact resistance has also been proposed.28 Figure 2 demon-
strates the linear dependence of the electrical resistance of the
NWNs on the electrical resistance of junctions when tunneling
is excluded from the consideration by setting the cutoff distance
r ¼ 0. The values of slopes differ from the prediction of Eq. (8)
(Ref. 44). Since in both Eq. (6) (Ref. 25) and Eq. (7) (Ref. 43),
there are fitting parameters, they can be adjusted to any linear
dependence.

III. RESULTS

A. Evaluation of the tunnel conductivity

We performed an evaluation of the contribution of tunneling
to electrical conductivity when the tunneling is the sole mechanism
of the electrical conductivity; i.e., the system is so sparse that any
wire–wire contacts are unlikely. By using a geometrical consider-
ation (Fig. 3), one can conclude that two arbitrary wires I and II
will not intersect each other, while their shells overlap or touch
each other when the center of wire II is situated within the shaded
region. Note that the external perimeter of the shaded region limits
the excluded area of the discorectangle.45 The area of the shaded
region is A ¼ 4r(πr þ 2l)� D(πDþ 4l): This conclusion is valid
for arbitrary orientations of the wires.

The probability density function (PDF), that the shortest dis-
tance between two arbitrary wires equals exactly δ (0 � δ � 2r), is

f (δ) ¼ 2π(δ þ D)þ 4l
A

: (9)

The total contribution of all tunnel contacts to the electrical
conductivity, Gt ¼

P
i.j g

(t)
ij , is

Gt ¼ g0
X
i.j,

δij�2r

exp � 2δij
ξ

� �
:

The number of wires, for which their centers are located within the
shaded area in Fig. 3, is (N � 1)A=L2. Hence, the number of pairs
that obey the condition δij � 2r is

N(N � 1)A
2L2

;

the expectation of Gt can be written as

hGti ¼ g0
N(N � 1)A

2L2
exp � 2(δ þ D)

ξ

	 
� �
:

The expectation can be evaluated as

exp � 2(δ þ D)
ξ

	 
� �
¼

ð2r�D

0
f (δ) exp � 2(δ þ D)

ξ

	 

dδ:

The integration yields

hGti ¼ g0ξN(N � 1)
4L2

exp � 2D
ξ

� �

� πξ 1� e�x � xe�xð Þ þ (2πDþ 4l) 1� e�xð Þ½ �,

FIG. 2. Dependency of the electrical resistance of NWNs, R, on the electrical
resistance of their junctions, Rj , for different values of the number density, n,
and fixed value of the cutoff distance r ¼ 0. Here, nc ¼ 5:790 75. Results of
simulation were averaged over 100 independent runs. The lines were obtained
using least squares fitting.

FIG. 3. Wires I and II do not intersect, while their shell overlap or touch each
other when the center of wire II is situated within the shaded region.
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where x ¼ (4r � 2D)=ξ. Since N � 1,

hGti ¼ g0ξn
2L2l exp � 2D

ξ

� �

� πξ

4l
1� e�x � xe�xð Þ þ 1þ πD

2l

� �
1� e�xð Þ

	 

: (10)

When r � ξ,

hGti ¼ g0lξn
2L2 exp � 2D

ξ

� �
πξ

4l
þ πD

2l
þ 1

� �
: (11)

When the cutoff distance is 1:25ξ, the error in the value of Gt

obtained using Eq. (10) is about 1%. This is the reason for our
choice of r ¼ 1:25ξ for computations.

Since ξ 	 l and D 	 l, hGti � g0lξn2L2 exp � 2D
ξ

� �
. In the

particular case D ¼ 0, the electrical conductance is

hGt(n)i ¼ g0N
2 ξl
L2

: (12)

Naturally, the contribution of tunneling into the electrical conduc-
tance is proportional to the square of the number of particles. In
addition, the formula includes the ratio of the characteristic tunnel-
ing area ξl to the area of the entire system.

B. Results of simulation

Figure 4 demonstrates an example of the dependency of the
electrical conductance of NWNs, G, on the number density, n, for
different values of the tunneling decay length, ξ, and low values of
the junction conductance, Gj ¼ 0:01 and g0 ¼ 0:01. This set of
parameters can be considered as corresponding to untreated
NWNs. For values of the number density n⪆ 8, the effect of

tunneling on the electrical conductance is negligible. However, the
percolation threshold decreases due to tunneling.

Figure 5 shows the behavior of the electrical conductance of
NWNs, G(n), for different values of the tunneling decay length, ξ,
and high values of the junction conductance, Gj ¼ 1, while the tun-
neling parameter is low at g0 ¼ 0:01. This case can be treated as
corresponding to welded NWNs since Gj ¼ gs. For values of the
number density n⪆ 6, the effect of the tunneling on the electrical

FIG. 4. Dependency of the electrical conductance of NWNs, G, on the number
density, n, for different values of the tunneling decay length, ξ, and particular
values of the junction conductance, Gj ¼ 0:001 and g0 ¼ 0:01.

FIG. 5. Dependency of the electrical conductance of NWNs, G, on the number
density, n, for different values of the tunneling decay length, ξ. Gj ¼ 1,
g0 ¼ 0:01.

FIG. 6. Dependency of the electrical conductance of NWNs, G, on the number
density, n, for different values of the tunneling decay length, ξ, and high values
both of the junction conductance and the tunneling parameter, viz., Gj ¼ 1 and
g0 ¼ 1.
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conductance is negligible. However, the percolation threshold
decreases due to tunneling.

Figure 6 compares the dependencies of the electrical conduc-
tances of NWNs, G(n), for different values of the tunneling decay
length, ξ, and high values of both of the junction conductance and
the tunneling parameter, viz., Gj ¼ 1 and g0 ¼ 1. This case can
also be treated as corresponding to welded NWNs since Gj ¼ gs.
The only difference from Fig. 4 is the larger magnitude of the elec-
trical conductance.

IV. CONCLUSION

We have studied both analytically and numerically the impact
of tunneling on the electrical conductivities of nanowire networks.
A nanowire was represented as a hard conductive core with a soft
shell that ensures tunneling occurs when shells belonging to
different wires overlap. In contrast with 3D composites, where the
tunneling is the main source of the electrical conductivity,36,37,39,40

we found that the tunneling had a negligible effect on the electrical
conductivity of dense 2D networks. The analytical consideration
evidences that, in the slender rod limit (the aspect ratio of the wires
tends to infinity), the contribution of the tunneling into the electri-
cal conductance is g0N2ξl=L2.
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